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Forward Hadron Productions in Proton-Proton Collisions in Small-x Formalism
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Central China Normal University, Wuhan 430079, China
Employing the so-called hybrid formalism, we calculate the cross section of inclusive hadron pro-
duction in proton-proton collisions at forward rapidity in small-x formalism at one-loop order. For
the case of hadron production at forward rapidity, we can uses collinear parton distributions for
projectile proton and k⊥ dependent gluon distribution for target proton. We show that collinear
divergences associated with initial and final state parton radiations are renormalized into parton
distributions and fragmentation functions in terms of the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi
evolution equation, respectively. Furthermore, rapidity divergence can be absorbed into the wave
function of target proton which gives rise to the well-known Balitsky-Fadin-Kuraev-Lipatov equa-
tion. These divergences are completely separated from the short distance partonic hard parts,
which is now finite at the next-to-leading order accuracy. The result presented in this paper can
be reckoned as a baseline calculation without any non-linear QCD effects in small-x formalism. As
a consistency check, we compare our results with the previous calculation for non-linear proton-
nucleus collisions in the small-x formalism and find complete agreement in the dilute and large Nc
limit. In phenomenology, the direct comparison of the above two separate calculations can reveal
the role and strength of the non-linear dynamics in high energy QCD, and thus help us reliably
study the onset of gluon saturation when genuine non-linear interactions become important.
PACS numbers: 12.38.Bx,13.85.-t,24.85.+p
I. INTRODUCTION
In high energy scatterings, gluon bremsstrahlung radiation plays a crucial role in describing the rapid rise of gluon
density inside hadron and nucleus. The soft gluon radiation is ingeniously encoded in the Balitsky-Fadin-Kuraev-
Lipatov (BFKL) evolution equation [1–4] which resums small-x logarithms. As a result, the energy evolution of
off-shell unintegrated parton distribution function in dilute limit is governed by the BFKL equation in contrast to
the well known Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) evolution for collinear parton densities [5–7]. In
phenomenology, to describe particle productions in hadronic collisions in the small x and low transverse momentum
transfer region, we need to take into account the off-shellness of incident partons [8, 9], and switch from collinear
factorization framework to kt-factorization framework (e.g., Ref. [10–12]).
Study of inclusive particle productions in high energy hadron-nucleus/nucleus-nucleus collisions has attracted a
lot of attention in the past few years, since this process can help to reveal nonlinear gluon dynamics on top of the
linear BFKL evolution when gluon density inside large nucleus is sufficiently high. As collision energy increases, the
gluon occupation number in the low-x region inside nucleus becomes large due to gluon bremsstrahlung radiation.
The subsequent balance between the gluon bremsstrahlung and recombination leads to the phenomenon of gluon
saturation [13–15] or color-glass-condensate [16–18]. In principle, the so-called saturation scale Qs separates the
nonlinear dense regime Q ≤ Qs from dilute regime Q ≫ Qs with Q being the typical scale of the external probe.
Since Qs is enhanced by a factor A
1/3 for heavy nuclei with A being the number of nucleon, current proton-nucleus
(pA) collision and a future Electron-Ion-Collider are expected to provide unique opportunities to investigate the gluon
saturation phenomenon. In particular, the measurement of the nuclear modification factor RpA ≡ 1A
dσpA/d
2p⊥dy
dσpp/d2p⊥dy
at
RHIC and the LHC [19–21] reflects the relatively different strength of the saturation phenomenon in pp and pA
collisions and it has been described by various theoretical calculations [11, 22–26] in small-x physics.
Furthermore, inclusive single hadron production in pA collisions (p +A→ h+X) has been studied in the small-x
formalism based on the Mueller’s dipole model [27, 28]. In particular, at forward rapidity, the longitudinal momentum
fraction of target nucleus carried by incoming parton becomes small and the saturation scale for heavy nuclei is much
larger than typical hadronic scale ΛQCD, whereas the saturation scale of the proton projectile is expected to be
much smaller. Therefore, as long as we focus on the forward hadron production, the so-called hybrid treatment,
in which the collinear parton coming from projectile proton scatters off dense gluons inside target nucleus with
finite transverse momentum transfer, is considered to be a reasonable and simple approach [29, 30]. In the hybrid
formalism, hadron productions in pA collisions are given by the convolution of short distance hard parts, collinear
parton distribution functions (PDFs) for projectile proton, fragmentation functions (FFs) for produced hadron, and
the wave function of target nucleus constructed from multi-point Wilson line correlators. In general, multi-point
Wilson line correlators obey the so-called JIMWLK evolution equation [31]. In phenomenological studies, large-Nc
2and mean field approximations are usually utilized to reduce multi-point Wilson line correlators to products of dipole
correlators which resum the small-x logarithm αs ln 1/x by means of the Balitsky-Kovchegov (BK) equation [32, 33].
In addition, inclusive hadron production in pA collisions beyond leading order (LO) has been firstly studied in
Refs. [22, 23, 34, 35] where the running coupling BK equation is employed together with the LO framework. These
studies included a subset of next-to-leading order (NLO) corrections. The pursuit of complete NLO calculations began
several years ago [26, 36–41]. In Refs. [36, 37], the systematic NLO calculations is carried out for the first time at the
high energy limit. It is shown that the collinear divergences and the rapidity divergences, which arise from one-loop
diagrams at NLO, are clearly separable from the partonic hard scattering part in the small-x formalism for inclusive
hadron production in pA collisions. This allows us to establish an effective factorization in the hybrid formalism at
the one-loop order. The small-x factorization formula for inclusive hadron production at forward rapidity y with
transverse momentum p⊥ in pA collisions can be cast into [37]
dσp+A→h+X
d2p⊥dy
=
∑
i=q,g
∫
dz
z2
xpfi (xp, µ)FF,Axg (k⊥)Dh/i(z, µ) +
∑
i,j=q,g
αs
2π
∫
dz
z2
dx
x
ξxfi (x, µ)SijDh/j(z, µ) (1)
where xp = k⊥ey/
√
s is longitudinal momentum fraction of projectile proton carried by incoming parton, k⊥ is
transverse momentum of gluon coming from target nucleus with longitudinal momentum xg = k⊥e−y/
√
s, and ξ =
xp/x. In addition, z is momentum fraction of parton carried by produced hadron in final state. fi(x) is the collinear
PDF of projectile proton and Dh/i(z) is the FF from parton i to hadron h. FF,Axg is Fourier transform of the dipole
amplitude in the fundamental or adjoint representation which is determined by the partonic scattering at LO. This
dipole amplitude encodes all the important information on the scattering between incoming partons and target harons.
Sij represent the partonic scattering processes at NLO convoluted with the dipole amplitude. The factorization scale
µ dependence of the PDFs and the FFs is derived from the DGLAP equation due to quantum evolution, while the
rapidity or energy dependence of the dipole amplitude is described by the BK equation.
In Ref. [40], the improved numerical calculation for inclusive hadron production in pA collisions at NLO is performed
and it yields the inclusive hadron spectra which are in excellent agreement with both RHIC and the LHC data for
various kinematical regions. Nevertheless, it is still hard to tell whether this agreement is due to the non-linear gluon
saturation phenomenon or the linear BFKL dynamics, since we do not know for sure whether the saturation effect is
indispensable to describe the current data in pp/pA collisions or not. In order to disentangle these two effects, it is
very useful to conduct a comparative NLO calculation for single hadron production in pp collisions with only linear
BFKL dynamics, which would help us clearly visualize the different behaviour of linear and non-linear dynamics in the
hadron p⊥ spectra and eventually lead us to better understanding of the onset of gluon saturation phenomenologically.
The objective of this paper is to calculate the NLO forward inclusive hadron production in pp collisions in the small-x
formalism in the dilute regime. As a cross check, we find that the results that we obtain for pp collisions agree with
the previous calculation for pA collisions (assuming large Nc approximation) [37, 40] in the large Nc and dilute limit.
Through this paper, we use the light cone perturbation theory [42] together with the light-cone gauge A+ = 0 and
light-cone coordinates x± = (x0 ± x3)/√2 and xµ = (x+, x−, x⊥) with the metric g+− = g−+ = 1, g11 = g22 = −1.
The rest of this paper is organized as follows: In Sec. II, we firstly consider inclusive hadron production in pp
collisions at LO within the hybrid formalism. Next, we calculate four NLO channels in Sec. III. We show that the
rapidity divergences and the collinear divergences can be completely factorized from the partonic hard scattering part
like Eq. (1). We see that the factorization scale dependence of the PDF and the FF is controlled by the DGLAP
equation and the energy dependence of the dipole amplitude is described by the BFKL equation. The main result of
this paper is given in Eq. (93). Finally, in Sec. IV, we summarize our calculation and discuss its future development.
II. THE LEADING ORDER
In this section, let us first consider the LO forward single hadron production in pp collisions. For pp collision, the
center of mass energy is s = (P +P ′)2 ≃ P+P ′− with P (P ′) being momentum of projectile (target) proton. Here the
projectile (target) proton beam is supposed to have large light cone plus (minus) component and then P− = P ′+ ≃ 0
and P⊥ = P ′⊥ ≃ 0. We begin with a basic process of quark scattering off proton (q + p → q + X). In the small-x
formalism, the differential cross section for producing a quark with momentum k = (k+, k⊥) is given by
dσq+p→q+XLO
d3k
= δ(p+ − k+)
∫
d2x⊥d2y⊥
(2π)2
e−ik⊥·(x⊥−y⊥)Sxg(x⊥, y⊥) (2)
where we have averaged over spin and color of the incoming quark and summed all of the quantum number of the final
state, p+ is the light cone momentum of the incoming quark and k+ is the momentum of the observed quark. The
3x⊥ y⊥
FIG. 1. Lowest order diagrams for q + p → q +X (left) and g + p → g +X (right) with one gluon exchange in the t-channel.
transverse momentum of incident parton is assumed to be p⊥ = 0⊥ for the sake of simplicity. The delta function is due
to the momentum conservation. Sxg is the color singlet dipole scattering amplitude in the fundamental representation
Sxg (x⊥, y⊥) =
1
Nc
〈Tr [U(x⊥)U †(y⊥)]〉xg (3)
with r⊥ = x⊥ − y⊥ being a transverse size of the dipole (see FIG. 1). U(x⊥) is the fundamental Wilson line at
transverse coordinate x⊥ which resums multiple scatterings between the quark and the gluon of target hadron in the
eikonal approximation. In dilute regime, one expects
U(x⊥) = P exp
[
ig
∫
dx+taA−a (x
+, x⊥)
]
≈ 1 + ig
∫
dx+taA−a (x
+, x⊥), (4)
where A(x+, x⊥) is the effective background gauge field of the target proton at x = (x+, x⊥) and ta is the generator of
SU(3) group. xg = k
−/P ′− is the longitudinal momentum fraction of the target proton carried by the small-x gluon
attached to the quark. 〈〉xg represents the average over all of the color configurations of the gluon inside the target
proton. To obtain the cross section for p + p→ q +X , we can couple the above results with collinear quark PDF qf
with flavor f and write
dσp+p→q+XLO
d3k
=
∑
f
∫
dxqf (x)
dσq+p→q+XLO
d3k
(5)
with xp = p
+/P+ being the longitudinal momentum fraction of the projectile proton carried by the incoming parton.
Furthermore, together with the collinear FF which converts q into hadron h in the final state, the differential cross
section of single hadron production with ph⊥ at rapidity y is given by
dσ
p+p→h/q+X
LO
d2ph⊥dy
=
∑
f
∫ 1
τ
dz
z2
Dh/q(z)xpqf (xp)Fxg (k⊥) (6)
with zk⊥ = ph⊥, τ = zxp, xp = k⊥e+y/
√
s, and xg = k⊥e−y/
√
s. Fxg is the Fourier transform of the dipole amplitude
in the fundamental representation defined as
Fxg(k⊥) ≡
∫
d2x⊥d2y⊥
(2π)2
e−ik⊥·(x⊥−y⊥)(−Txg(x⊥, y⊥)) = S⊥Fxg(k⊥), (7)
where Fxg(k⊥) =
∫
d2r⊥
(2π)2 e
−ik⊥·r⊥(−Txg(r⊥)) with Txg = 1 − Sxg being the forward scattering amplitude. We can
write the cross section which is proportional to the transverse area of the target proton S⊥ if the impact parameter
dependence is neglected. We note that we have dropped the elastic part which is proportional to δ(2)(k⊥), since we
are only interested in the inelastic production with finite k⊥.
Similarly, for the gluon channel at LO, one finds
dσ
p+p→h/g+X
LO
d2ph⊥dy
=
∫ 1
τ
dz
z2
Dh/g(z)xpG (xp) F˜xg(k⊥) (8)
where G and Dh/g are the collinear gluon PDF and FF, respectively. The Fourier transform of the forward scattering
amplitude in the adjoint representation is
F˜xg (k⊥) =
∫
d2x⊥d2y⊥
(2π)2
e−ik⊥·(x⊥−y⊥)(−T˜xg(x⊥, y⊥)). (9)
4with
S˜xg (x⊥, y⊥) = 1− T˜xg(x⊥, y⊥) =
1
N2c − 1
〈Tr [W (x⊥)W †(y⊥)]〉xg (10)
where W (x⊥) is the adjoint Wilson line defined at x⊥. Using the identity
W ab(x⊥) = 2Tr
[
taU(x⊥)tbU †(x⊥)
]
, (11)
we can approximate the adjoint dipole amplitude in the dilute regime of target proton as
S˜xg(x⊥, y⊥) =
1
N2c − 1
[〈Tr [U(x⊥)U †(y⊥)]Tr [U(y⊥)U †(x⊥)]〉xg − 1]
≈ 1− Nc
CF
Txg(x⊥, y⊥). (12)
Hereafter, we will use T˜xg ≡ NcTxg/CF in the following caculation.
III. THE NEXT TO LEADING ORDER
Let us now consider the corresponding NLO calculation which can be put into four different channels. Essentially,
the calculations which we perform below are similar to the calculations in Ref. [37]. However, we would like to point
out that there are some subtleties in order to obtain the differential cross section for inclusive hadron production in
pp collisions at NLO at finite-Nc. In fact, it seems that the following calculation of this process in pp collisions in the
dilute regime is slightly harder than the calculation which leads to the non-linear results obtained in pA collisions,
since the large Nc approximation was employed in the latter case.
A. The q → q channel
For q + p → q + g + X channel as shown in FIG. 2, the differential cross section for producing a quark with
momentum k and a gluon with l is given by
dσq+p→q+g+X
d3kd3l
=αsδ(p
+ − k+ − l+)
∫
d2x⊥d2x′⊥d
2b⊥d2b′⊥
(2π)8
e−ik⊥·(x⊥−x
′
⊥
)e−il⊥·(b⊥−b
′
⊥
)
∑
αβλ
ψλ∗qgαβ(u
′
⊥)ψ
λ
qgαβ(u⊥)
×
[
CFSxg(x⊥, x
′
⊥) + CFSxg (v⊥, v
′
⊥) +
1
2Nc
Sxg (x⊥, v
′
⊥) +
1
2Nc
Sxg (v⊥, x
′
⊥)
− Nc
2
Sxg(v⊥, b⊥)−
Nc
2
Sxg(b⊥, v
′
⊥)−
Nc
2
Sxg(x⊥, b⊥)−
Nc
2
Sxg(b⊥, x
′
⊥) +NcSxg(b⊥, b
′
⊥)
]
(13)
where u⊥ = b⊥− x⊥ and u′⊥ = b′⊥− x′⊥ are the transverse distance between the produced gluon and the quark in the
amplitude and the complex conjugate amplitude, respectively. v⊥ = ξx⊥ + (1 − ξ)b⊥ and v′⊥ = ξx′⊥ + (1 − ξ)b′⊥ are
the transverse coordinate of the incoming quark in the amplitude and the complex conjugate amplitude, respectively.
ξ = k+/p+ is the longitudinal momentum fraction of the incoming quark carried by the produced quark in the final
state. ψλqgαβ is the light cone wave function which describes the quark-gluon splitting amplitude [43]
ψλqgαβ(u⊥) = 2πi
√
2
(1 − ξ)p+

u⊥·ε(1)⊥
u2
⊥
(δα−β− + ξδα+δβ+) (λ = 1)
u⊥·ε(2)⊥
u2
⊥
(δα+β+ + ξδα−δβ−) (λ = 2),
(14)
where α and β are a spin of the incoming quark and the outgoing quark, respectively. λ is a polarization of the
radiated gluon. The polarization vector is defined as ε
(λ)
⊥ = − 1√2 (σ, i) with σ = +1 for λ = 1 and σ = −1 for λ = 2,
respectively. Summing over α, β, and λ, one finds∑
αβλ
ψλ∗qgαβ(u
′
⊥)ψ
λ
qgαβ(u⊥) =
2(2π)2
p+
1 + ξ2
1− ξ
u′⊥ · u⊥
u′2⊥u
2
⊥
. (15)
5(a) (b) (c)
(g)
(d) (e) (f)
(h)
v⊥ v′⊥
x⊥ x′⊥
b⊥ b′⊥
(i)
FIG. 2. Real diagrams at NLO for the q → q channel. Notations are the same as FIG. 1.
(a) (b) (c) (d)
FIG. 3. Virtual diagrams at NLO for the q → q channel. Mirror contributions are omitted.
Summing over all the real diagrams, the total real contribution for inclusive hadron production reads
αs
2π2
∫ 1
τ
dz
z2
Dh/q(z)
∫
d2l⊥
∫ 1
τ
z
dξ
1 + ξ2
1− ξ
xp
ξ
qf
(
xp
ξ
)∫
d2x⊥d2x′⊥d
2b⊥d2b′⊥
(2π)4
e−ik⊥·(x⊥−x
′
⊥
)e−il⊥·(b⊥−b
′
⊥
)u
′
⊥ · u⊥
u′2⊥u
2
⊥
×
[
− CFTxg(x⊥, x′⊥)− CFTxg(v⊥, v′⊥) +
Nc
2
Txg(v⊥, b⊥) +
Nc
2
Txg(b⊥, v
′
⊥) +
Nc
2
Txg(x⊥, b⊥) +
Nc
2
Txg(b⊥, x
′
⊥)
− 1
2Nc
Txg(x⊥, v
′
⊥)−
1
2Nc
Txg(v⊥, x
′
⊥)−NcTxg(b⊥, b′⊥)
]
, (16)
where we have not yet integrated over l⊥ since the upper limit of ξ actually depends on l⊥, as we will consider below.
We note here that FIG. 2 (i) eventually does not contribute the inelastic single hadron production thank to the
unitarity constraint [15].
6In the meantime, the virtual diagrams shown in FIG. 3 yield the following contribution
−2 αs
2π2
∫ 1
τ
dz
z2
Dh/q(z)xpqf (xp)
∫ 1
0
dξ
1 + ξ2
1− ξ
∫
d2v⊥d2v′⊥d
2u⊥
(2π)
e−ik⊥·(v⊥−v
′
⊥
) 1
u2⊥
×
[
− CFTxg(v⊥, v′⊥)−
1
2Nc
Txg(x⊥, v
′
⊥) +
Nc
2
Txg(b⊥, v
′
⊥) +
Nc
2
Txg(b⊥, x⊥)
]
(17)
where we multiplied a factor of 2 explicitly to reflect the mirror diagrams of FIG. 3. We would like to emphasize that
an unfamiliar contribution from FIG. 3 (d) plays an important role at ξ → 1 due to the unitarity relation [15], albeit
it does not contribute to the inelastic hadron production as we explain below.
It is manifest that the above results have the so-called rapidity singularities at ξ = 1 in which the radiated gluon
becomes soft. To deal with the rapidity singularities we adopt the plus function which is defined as follows∫ 1
τ
dξ
1 + ξ2
1− ξ F (ξ) =
∫ 1
τ
dξ
1 + ξ2
(1− ξ)+F (ξ) +
∫ 1
0
dξ
2
1− ξ F (1) (18)
for arbitrary function F . Making use of Eq. (18) and the identity
x⊥
x2⊥
=
∫
d2k⊥
2πi
k⊥
k2⊥
eik⊥·x⊥ , (19)
the nonsingular part in the momentum space can be cast into
αs
2π2
∫ 1
τ
dz
z2
Dh/q(z)
{∫ 1
τ
z
dξ
1 + ξ2
(1− ξ)+
xp
ξ
qf
(
xp
ξ
)∫
d2kg⊥Fxg(kg⊥)
[
CF
1
(k⊥ − kg⊥)2 + CF
1
(k⊥ − ξkg⊥)2
−Nc k⊥ · (k⊥ − kg⊥)
k2⊥(k⊥ − kg⊥)2
−Nc k⊥ · (k⊥ − ξkg⊥)
k2⊥(k⊥ − ξkg⊥)2
+
1
Nc
(k⊥ − kg⊥) · (k⊥ − ξkg⊥)
(k⊥ − kg⊥)2(k⊥ − ξkg⊥)2
]
−
∫ 1
0
dξ
1 + ξ2
(1− ξ)+ xpqf (xp)Fxg(k⊥)
∫
d2kg⊥
[
2CF
1
k2g⊥
−Nc kg⊥ · (kg⊥ + ξk⊥)
k2g⊥(kg⊥ + ξk⊥)
2
+
1
Nc
kg⊥ · (kg⊥ − (1− ξ)k⊥)
k2g⊥(kg⊥ − (1− ξ)k⊥)2
]}
,
(20)
where the phase space of the radiated gluon has been integrated out. Here we can take the s → ∞ limit safely. It
is straightforward to evaluate most of the terms in the above expression in Eq. (20) except for the term which is
proportional to ln(1 − ξ)2. Following Ref. [37], we can make use of the following identity∫
d2kg⊥Fxg(kg⊥)
(k⊥ − kg⊥) · (k⊥ − ξkg⊥)
(k⊥ − kg⊥)2(k⊥ − ξkg⊥)2 = −πFxg(k⊥) ln(1− ξ)
2 + πI
(1)
qq (21)
where I
(1)
qq is defined as
I
(1)
qq =
∫
d2kg⊥
π
[
Fxg(kg⊥)
(k⊥ − kg⊥) · (k⊥ − ξkg⊥)
(k⊥ − kg⊥)2(k⊥ − ξkg⊥)2 −Fxg(k⊥)
{
(k⊥ − kg⊥) · (ξk⊥ − kg⊥)
(k⊥ − kg⊥)2(ξk⊥ − kg⊥)2 +
kg⊥ · (k⊥ − kg⊥)
k2g⊥(k⊥ − kg⊥)2
}]
.
(22)
Meanwhile, the virtual contribution also contains a similar term in proportion to ln(1− ξ)2. Then, by combining the
real contributions and the virtual contributions together, one finds∫ 1
τ
z
dξ
1 + ξ2
(1− ξ)+
xp
ξ
qf
(
xp
ξ
)
ln(1− ξ)2 −
∫ 1
0
dξ
1 + ξ2
(1− ξ)+ xpqf (xp) ln(1− ξ)
2
=
∫ 1
τ
z
dξ
(
(1 + ξ2) ln(1 − ξ)2
1− ξ
)
+
xp
ξ
qf
(
xp
ξ
)
. (23)
7Regarding the virtual diagrams, each of the virtual diagrams contains UV divergence. However, by adding up all
of the virtual diagrams, the UV divergences cancel between the virtual contributions. Indeed, we find∫
d2kg⊥
[
2CF
1
k2g⊥
−Nc kg⊥ · (kg⊥ + ξk⊥)
k2g⊥(kg⊥ + ξk⊥)
2
+
1
Nc
kg⊥ · (kg⊥ − (1− ξ)k⊥)
k2g⊥(kg⊥ − (1 − ξ)k⊥)2
]
=
∫
d2kg⊥
[
Nc
2
ξ2k2⊥
k2g⊥(kg⊥ + ξk⊥)
2
− 1
2Nc
(1− ξ)2k2⊥
k2g⊥(kg⊥ − (1 − ξ)k⊥)2
]
. (24)
To evaluate the singular part, we need to consider the ξ-integral together with the so-called kinematical constraint.
As discussed in Ref. [39, 40, 44], the light cone energy conservation provides the kinematical constraint on ξ as follows
ξ ≤ 1− l
2
⊥
xps
. (25)
Under this kinematical constraint, the ξ-integral gives
∫ 1− l2⊥
xps
0
dξ
1− ξ = ln
1
xg
+ ln
k2⊥
l2⊥
(26)
where the first term can be identified as the small-x logarithm, while the second term provides us with an additional
power correction. Let us define the rapidity gap between the projectile quark and the target as Yg = ln(1/xg). Yg
goes to infinity when
√
s → ∞, which is known as the rapidity divergence. It can be renormalized into the forward
scattering amplitude by employing the BFKL equation at leading-logarithmic accuracy in αsYg as follows
Txg(x⊥, y⊥) = T
(0)
xg (x⊥, y⊥)
+
αsNc
2π2
Yg
∫
d2b⊥
(x⊥ − y⊥)2
(x⊥ − b⊥)2(b⊥ − y⊥)2
[
Txg(x⊥, b⊥) + Txg(b⊥, y⊥)− Txg(x⊥, y⊥)
]
, (27)
where T
(0)
xg can be viewed as the forward scattering amplitude at LO. Next, let us consider the second logarithmic
correction in Eq. (26). This term does not lead to large contribution when the produced quark and the produced gluon
have the same order of the transverse momentum as |k⊥| ∼ |l⊥|. However, we know that this logarithmic correction
can be important at high ph⊥ & Qs [40]. The corresponding contribution from the real diagrams can be written as
αsNc
2π2
∫ 1
τ
dz
z2
Dh/qxpqf (xp)
[
2
∫
d2x⊥d2x′⊥
(2π)2
e−ik⊥·(x⊥−x
′
⊥
)(−Txg(x⊥, x′⊥))
∫
d2l⊥
1
l2⊥
ln
k2⊥
l2⊥
eil⊥·(x⊥−x
′
⊥
)
− 2
∫
d2l⊥
k⊥ · l⊥
k2⊥l
2
⊥
ln
k2⊥
l2⊥
Fxg (k⊥ − l⊥)
]
. (28)
Using the dimensional regularization in the MS scheme, the first term in the square bracket yields [44]∫
d2l⊥
l2⊥
ln
k2⊥
l2⊥
e−il⊥·r⊥ = π
[
1
ǫ2
− 1
ǫ
ln
k2⊥
µ2
+
1
2
(
ln
k2⊥
µ2
)2
− 1
2
(
ln
k2⊥r
2
⊥
c20
)2
− π
2
12
]
(29)
where c0 = 2e
−γE with γE being the Euler constant. In fact, the double pole and single pole vanish by adding another
contribution associated with the virtual correction together. One can cast the virtual diagrams with the logarithmic
term into
−αsNc
2π2
∫ 1
τ
dz
z2
Dh/q(z)xpqf (xp)Fxg (k⊥)
[
2
∫
d2l⊥
l2⊥
ln
k2⊥
l2⊥
− 2
∫
d2l⊥
l⊥ · (l⊥ + k⊥)
l2⊥(l⊥ + k⊥)
2
ln
k2⊥
l2⊥
]
. (30)
As shown in the Appendix A, we can cast the above divergent integral into the following form and find∫
d2l⊥
(2π)2
[
1
l2⊥
− 1
(l⊥ + k⊥)2
+
k2⊥
l2⊥(l⊥ + k⊥)
2
]
ln
k2⊥
l2⊥
=
1
2π
[
1
ǫ2
− 1
ǫ
ln
k2⊥
µ2
+
1
2
(
ln
k2⊥
µ2
)2
− π
2
12
]
= 2
∫
d2l⊥
(2π)2
k2⊥
l2⊥(l⊥ + k⊥)
2
ln
k2⊥
l2⊥
. (31)
8After adding the real correction and virtual correction together, we obtain
αs
2π
∫ 1
τ
dz
z2
Dh/q(z)xpqf (xp)
[
−Nc
∫
d2x⊥d2y⊥
(2π)2
(−Txg(x⊥, y⊥))e−ik⊥·(x⊥−y⊥)
(
ln
k2⊥(x⊥ − y⊥)2
c20
)2
−2Nc
π
∫
d2l⊥
k⊥ · l⊥
k2⊥l
2
⊥
ln
k2⊥
l2⊥
Fxg(k⊥ − l⊥)
]
. (32)
To reach Eq. (32), we have used the same technique as calculations for deriving Sudakov factor [44]. However, the
inclusive hadron production has only one kinematical hard scale, therefore it does not lead to Sudakov factors [40].
Finally, let us deal with collinear singularities in Eq. (20). There are two kinds of collinear singularities: one type
of singularity corresponds to the gluon radiation from the incoming quark in the initial state depicted in FIG. 2 (a)
and the second one is associated with the final state gluon radiation shown in FIG. 2 (b). In order to extract these
collinear singularities from the real diagrams, we use the following identities∫
d2kg⊥
1
(k⊥ − kg⊥)2Fxg(kg⊥) = π
∫
d2x⊥d2y⊥
(2π)2
e−ik⊥·(x⊥−y⊥)(−Txg(x⊥, y⊥))
(
−1
ǫˆ
+ ln
c20
µ2(x⊥ − y⊥)2
)
(33)∫
d2kg⊥
1
(k⊥ − ξkg⊥)2Fxg(kg⊥) =
π
ξ2
∫
d2x⊥d2y⊥
(2π)2
e−i
k
⊥
ξ
·(x⊥−y⊥)(−Txg(x⊥, y⊥))
(
−1
ǫˆ
+ ln
c20
µ2(x⊥ − y⊥)2
)
, (34)
where the dimensional regularization in the MS scheme has been used by setting 1/ǫˆ = (4πe−γE)ǫ/ǫ. For the virtual
contributions, there are also useful identities∫
d2kg⊥
(ξk⊥)2
k2g⊥(kg⊥ + ξk⊥)
2
= 2π
[
−1
ǫˆ
+ ln
ξ2k2⊥
µ2
]
(35)∫
d2kg⊥
((1 − ξ)k⊥)2
k2g⊥(kg⊥ − (1− ξ)k⊥)2
= 2π
[
−1
ǫˆ
+ ln
(1 − ξ)2k2⊥
µ2
]
. (36)
By adding the LO result, the real contributions and the virtual contributions together, we can absorb the collinear
singularity associated with the initial state radiation into the definition of the quark PDF as follows
qf (xp, µ) = q
(0)
f (xp)−
1
ǫˆ
αs(µ)
2π
∫ 1
τ
z
dξ
ξ
CFPqq(ξ)qf
(
xp
ξ
)
, (37)
which is exactly the DGLAP evolution equation for the quark PDF. The collinear singularity associated with the final
state radiation can be renormalized into the quark FF accordingly
Dh/q(z, µ) = D
(0)
h/q(z)−
1
ǫˆ
αs(µ)
2π
∫ 1
z
dξ
ξ
CFPqq(ξ)Dh/q
(
z
ξ
)
, (38)
with Pqq(ξ) = 1+ξ
2
(1−ξ)+ +
3
2δ(1− ξ).
At the end of the day, all the rest of the contributions are finite. The q → q channel contribution of the differential
cross section can be written as
dσ
p+p→h/q+X
(qq)
d2ph⊥dy
=
∑
f
αs
2π
∫ 1
τ
dz
z2
Dh/q(z)
∫ 1
xp
dx
x
ξxqf (x)
∫
d2x⊥d2y⊥
(2π)2
(−Txg(x⊥, y⊥))
[
H(1)qq +
∫
d2b⊥
(2π)2
H(2)qq
]
, (39)
where the finite hard scattering parts are given by
H(1)qq = CFPqq(ξ) ln
c20
µ2r2⊥
(
e−ik⊥·r⊥ +
1
ξ2
e−i
k
⊥
ξ
·r⊥
)
− 3CF δ(1− ξ)e−ik⊥·r⊥ ln c
2
0
k2⊥r⊥
−Ncδ(1− ξ)e−ik⊥·r⊥
∫ 1
0
dξ′
1 + ξ′2
(1 − ξ′)+ ln ξ
′2 − 1
Nc
e−ik⊥·r⊥
(
(1 + ξ2) ln(1− ξ)2
1− ξ
)
+
−Ncδ(1− ξ)e−ik⊥·r⊥
(
ln
k2⊥r
2
⊥
c20
)2
(40)
9and
H(2)qq = 4π
1
Nc
e−ik⊥·r⊥
1 + ξ2
(1− ξ)+ I
(1)
qq + 4πNce
−ik⊥·r⊥ 1 + ξ
2
(1− ξ)+ I
(2)
qq − 8Ncπδ(1− ξ)
b⊥ · r⊥
b2⊥r
2
⊥
ln
k2⊥r
2
⊥
c20
e−ik⊥·(b⊥+r⊥) (41)
with r⊥ = x⊥ − y⊥ and
I(1)qq = e
−i(1−ξ)k⊥·b⊥
[
b⊥ · (ξb⊥ − r⊥)
b2⊥(ξb⊥ − r⊥)2
− 1
b2⊥
]
+ e−ik⊥·b⊥
1
b2⊥
, (42)
I(2)qq =
b⊥ · r⊥
b2⊥r
2
⊥
[
e−ik⊥·b⊥ +
1
ξ
e−ik⊥·b⊥e−i(
1−ξ
ξ
)k⊥·r⊥
]
. (43)
In addition, by using the following identities [40]∫
d2r⊥
(2π)2
ln
c20
µ2r2⊥
e−ik⊥·r⊥ =
1
π
[
1
k2⊥
− 2πδ(2)(k⊥)
∫ ∞
0
dl⊥
l⊥
J0
(
c0
µ
l⊥
)]
, (44)(
ln
k2⊥r
2
⊥
c20
)2
= 8π
∫
d2l⊥
(2π)2l2⊥
ln
k2⊥
l2⊥
[
θ(k⊥ − l⊥)− e−il⊥·r⊥
]
, (45)
which gives∫
d2x⊥d2y⊥
(2π)2
(−Txg(x⊥, y⊥)) ln
c20
µ2r2⊥
e−ik⊥·r⊥ =
1
π
∫
d2l⊥
l2⊥
[
Fxg(k⊥ + l⊥)− J0
(
c0
µ
l⊥
)
Fxg(k⊥)
]
, (46)∫
d2x⊥d2y⊥
(2π)2
(−Txg(x⊥, y⊥))
(
ln
k2⊥r
2
⊥
c20
)2
e−ik⊥·r⊥ =
2
π
∫
d2l⊥
l2⊥
ln
k2⊥
l2⊥
[
θ(k⊥ − l⊥)Fxg (k⊥)−Fxg(k⊥ + l⊥)
]
. (47)
we can cast the NLO corrections into expressions in the momentum space
dσ
p+p→h/q+X
(qq)
d2ph⊥dy
=
∑
f
αs
2π
∫ 1
τ
dz
z2
Dh/q(z)
∫ 1
xp
dx
x
ξxqf (x)Sqq , (48)
where
Sqq =
CFPqq(ξ) 1
π
∫
d2kg⊥
k2g⊥
[
Fxg(k⊥ + kg⊥)− J0
(
c0
µ
kg⊥
)
Fxg(k⊥) +
1
ξ2
Fxg
(
k⊥
ξ
+ kg⊥
)
− 1
ξ2
J0
(
c0
µ
kg⊥
)
Fxg
(
k⊥
ξ
)]
− 3CF δ(1 − ξ) 1
π
∫
d2kg⊥
k2g⊥
[
Fxg(k⊥ + kg⊥)− J0
(
c0
µ
kg⊥
)
Fxg(k⊥)
]
+Nc
1 + ξ2
(1 − ξ)+ I
(2)
qq
− (2CF −Nc)
[
1 + ξ2
(1− ξ)+ I
(1)
qq −
(
(1 + ξ2) ln(1− ξ)2
1− ξ
)
+
Fxg(k⊥)
]
−Ncδ(1− ξ)Fxg (k⊥)
∫ 1
0
dξ′
1 + ξ′2
(1 − ξ′)+ ln ξ
′2
− 2Nc
π
δ(1 − ξ)
∫
d2kg⊥
k2g⊥
ln
k2⊥
k2g⊥
{
θ(k⊥ − kg⊥)Fxg(k⊥)−Fxg (k⊥ − kg⊥)
}
− 2Nc
π
δ(1 − ξ)
∫
d2kg⊥
k⊥ · kg⊥
k2⊥k
2
g⊥
ln
k2⊥
k2g⊥
Fxg (k⊥ − kg⊥), (49)
with
I
(2)
qq =
∫
d2kg⊥
π
Fxg(kg⊥)
[
k⊥ · (kg⊥ − k⊥)
k2⊥(kg⊥ − k⊥)2
+
k⊥ · (ξkg⊥ − k⊥)
k2⊥(ξkg⊥ − k⊥)2
]
. (50)
B. The g → g channel
Now let us consider the g → g channel. In the dense regime, the calculations can be more complicated, since
the produced two gluons probe higher multi-point Wilson line correlators such as sextupole and quadrupole [37],
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FIG. 4. Real diagrams at NLO for the g → g channel.
which is suppressed by factors of Nc. However, in the dilute regime, we do not have to deal with such problem. For
g+p→ g+ g+X process shown in FIG. 4, the differential cross section for producing one gluon with k and another
gluon l is given by
dσg+p→g+g+X
d3kd3l
= αsδ(p
+ − k+ − l+)
∫
d2x⊥d2x′⊥d
2b⊥d2b′⊥
(2π)8
e−ik⊥·(x⊥−x
′
⊥
)e−il⊥·(b⊥−b
′
⊥
)
∑
λ1,λ2,λ
ψλ∗ggλ1λ2(u
′
⊥)ψ
λ
ggλ1λ2(u⊥)
×
[
NcS˜xg (x⊥, x
′
⊥) +NcS˜xg (v⊥, v
′
⊥)−
Nc
2
S˜xg(v⊥, x
′
⊥)−
Nc
2
S˜xg (v⊥, b
′
⊥)−
Nc
2
S˜xg(x⊥, v
′
⊥)−
Nc
2
S˜xg(b⊥, v
′
⊥)
− Nc
2
S˜xg(x⊥, b
′
⊥)−
Nc
2
S˜xg(b⊥, x
′
⊥) +NcS˜xg(b⊥, b
′
⊥)
]
. (51)
where the color factors are computed by using FeynCalc package [45]. The light cone wave function for g → gg
splitting is defined as [46]
ψλggλ1λ2(u⊥) =
√
2ξ(1− ξ)
p+
2πi
u2⊥
[
1
ξ
u⊥ · ε(λ1)⊥ ε(λ)∗⊥ · ε(λ2)⊥ +
1
1− ξ u⊥ · ε
(λ2)
⊥ ε
(λ)∗
⊥ · ε(λ1)⊥ − u⊥ · ε(λ)∗⊥ ε(λ1)⊥ · ε(λ2)⊥
]
(52)
and, by summing over all of the gluon polarizations, the splitting kernel can be written as
∑
λ1,λ2,λ
ψλ∗ggλ1λ2(u
′
⊥)ψ
λ
ggλ1λ2(u⊥) =
4(2π)2
p+
[
ξ
1− ξ +
1− ξ
ξ
+ ξ(1 − ξ)
]
u′⊥ · u⊥
u′2⊥u
2
⊥
. (53)
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(a) (b) (c) (d)
FIG. 5. Virtual gluon loop corrections at NLO for the g → g channel. Mirror contributions are omitted.
(a) (b) (c) (d)
FIG. 6. Virtual quark loop corrections at NLO for the g → g channel. Mirror contributions are omitted.
For inclusive hadron production with the transverse momentum ph⊥ at the rapidity y, Eq. (51) becomes
αs
π2
∫ 1
τ
dz
z2
Dh/g(z)
∫
d2l⊥
∫ 1
τ
z
dξ
[
ξ
1− ξ +
1− ξ
ξ
+ ξ(1− ξ)
]
xp
ξ
G
(
xp
ξ
)∫
d2x⊥d2x′⊥d
2b⊥d2b′⊥
(2π)4
× e−ik⊥·(x⊥−x′⊥)e−il⊥·(b⊥−b′⊥)u
′
⊥ · u⊥
u′2⊥u
2
⊥
[
−NcT˜xg(x⊥, x′⊥)−NcT˜xg (v⊥, v′⊥) +
Nc
2
T˜xg (v⊥, x
′
⊥) +
Nc
2
T˜xg(v⊥, b
′
⊥)
+
Nc
2
T˜xg(x⊥, v
′
⊥) +
Nc
2
T˜xg(b⊥, v
′
⊥) +
Nc
2
T˜xg(x⊥, b
′
⊥) +
Nc
2
T˜xg(b⊥, x
′
⊥)−NcT˜xg(b⊥, b′⊥)
]
. (54)
Furthermore, the gluon virtual contributions (FIG. 5) yield
− 2
2!
αs
π2
∫ 1
τ
dz
z2
Dh/g(z)xpG(xp)
∫ 1
0
dξ
[
ξ
1− ξ +
1− ξ
ξ
+ ξ(1 − ξ)
] ∫
d2v⊥d2v′⊥d
2u⊥
(2π)2
e−ik⊥·(v⊥−v
′
⊥
) 1
u2⊥
×
[
−NcT˜xg(v⊥, v′⊥) +
Nc
2
T˜xg(x⊥, v
′
⊥) +
Nc
2
T˜xg(b⊥, v
′
⊥) +
Nc
2
T˜xg(x⊥, b⊥)
]
, (55)
where the symmetry factor 1/2! and a factor of 2 from the mirror diagrams have been taken into consideration. The ξ
dependence of Eq. (55) is symmetry under the interchange ξ ↔ 1− ξ and the ξ dependent part of the splitting kernel
can be rewritten by 2
[
ξ
1−ξ +
1
2ξ(1 − ξ)
]
. It is obvious that this splitting function now only contains the rapidity
divergence at ξ = 1. The last diagram in FIG. 5 does not contribute to the inelastic hadron production as is the case
for the q → q channel, however, the BFKL evolution equation involves this diagram as we will show below.
In addition, we should take into account quark loop corrections (FIG. 6) which read
− 2Nf αs
2π2
∫ 1
τ
dz
z2
Dh/g(z)xpG(xp)
∫ 1
0
dξ[(1 − ξ)2 + ξ2]
∫
d2v⊥d2v′⊥d
2u⊥
(2π)2
e−ik⊥·(v⊥−v
′
⊥
) 1
u2⊥
×
[
− TRT˜xg(v⊥, v′⊥) +
TR
2
T˜xg(x⊥, v
′
⊥) +
TR
2
T˜xg(b⊥, v
′
⊥) +
TR
2N2c
T˜xg(x⊥, b⊥)
]
, (56)
where TR = 1/2 for SU(3) and Nf is the number of active flavors in the quark loop. A factor of 2 in the front of
Eq. (56) represents the mirror contributions. The light cone wave function for g → qq¯ splitting, which is used to
12
obtain Eq. (56), is given by
ψλqq¯αβ(u⊥) = 2πi
√
2
p+

u⊥·ε(1)⊥
u2
⊥
[ξδα+δβ− − (1 − ξ)δα−δβ+] (λ = 1)
u⊥·ε(2)⊥
u2
⊥
[ξδα−δβ+ − (1 − ξ)δα+δβ−] (λ = 2)
(57)
and the sum of splitting kernels is
∑
α,β,λ
ψλ∗qq¯αβ(u
′
⊥)ψ
λ
qq¯αβ(u⊥) =
2(2π)2
p+
[
(1 − ξ)2 + ξ2] u′⊥ · u⊥
u′2⊥u
2
⊥
. (58)
One should keep in mind that there is no singularity in the quark loop diagrams at ξ → 1.
The rapidity divergence in the g → g channel can be dealt in the same fashion as in the q → q channel. It is clear
that only the real contributions and the gluon virtual loop corrections have the rapidity singularity. By introducing
the plus function as in the q → q channel, we can separate the nonsingular part and the singular part. The nonsingular
part is manifest
αsNc
π2
∫ 1
τ
dz
z2
Dh/g(z)
∫ 1
τ
z
dξ
xp
ξ
G
(
xp
ξ
)
[1− ξ(1− ξ)]2
ξ(1 − ξ)+
∫
d2kg⊥F˜xg(kg⊥)
×
[
1
(k⊥ − kg⊥)2 +
1
(k⊥ − ξkg⊥)2 −
k⊥ · (k⊥ − kg⊥)
k2⊥(k⊥ − kg⊥)2
− k⊥ · (k⊥ − ξkg⊥)
k2⊥(k⊥ − ξkg⊥)2
− (k⊥ − kg⊥) · (k⊥ − ξkg⊥)
(k⊥ − kg⊥)2(k⊥ − ξkg⊥)2
]
−αsNc
π2
∫ 1
τ
dz
z2
Dh/g(z)xpG(xp)
∫ 1
0
dξ
[
ξ
(1 − ξ)+ +
ξ(1− ξ)
2
]
F˜xg(k⊥)
×
∫
d2kg⊥
1
2
[
(1 − ξ)2k2⊥
k2g⊥(kg⊥ − (1− ξ)k⊥)2
+
ξ2k2⊥
k2g⊥(kg⊥ + ξk⊥)
2
]
. (59)
As we mentioned previously, the singular part is also separated the rapidity divergent part from the logarithmic power
correction. Again, the rapidity divergence can be renormalized into the definition of the wave function of the target
proton as follows
T˜xg (x⊥, y⊥) = T˜
(0)
xg (x⊥, y⊥)
+
αsNc
2π2
Yg
∫
d2b⊥
(x⊥ − y⊥)2
(x⊥ − b⊥)2(b⊥ − y⊥)2
[
T˜xg(x⊥, b⊥) + T˜xg(b⊥, y⊥)− T˜xg(x⊥, y⊥)
]
(60)
which is equivalent to the BFKL evolution equation for the fundamental dipole amplitude, since T˜xg can be simply
replaced with NcTxg/CF in the dilute regime of the target proton.
The remaining power correction yields
αsNc
2π2
∫ 1
τ
dz
z2
Dh/g(z)xpG(xp)
[
2
∫
d2x⊥d2y⊥
(2π)2
e−ik⊥·r⊥(−T˜xg(r⊥))
∫
d2l⊥
1
l2⊥
ln
k2⊥
l2⊥
eil⊥·r⊥
− 2
∫
d2x⊥d2y⊥
(2π)2
e−ik⊥·r⊥(−T˜xg(r⊥))
∫
d2l⊥
k⊥ · l⊥
k2⊥l
2
⊥
eil⊥·r⊥
]
−αsNc
2π2
∫ 1
τ
dz
z2
Dh/g(z)xpG(xp)F˜xg (k⊥)
[
2
∫
d2l⊥
1
l2⊥
ln
k2⊥
l2⊥
− 2
∫
d2l⊥
l⊥ · (l⊥ + k⊥)
l2⊥(l⊥ + k⊥)
2
ln
k2⊥
l2⊥
]
. (61)
Then, one finds immediately Eq. (61) can be put into
αs
2π
∫ 1
τ
dz
z2
Dh/g(z)xpG(xp)
[
−Nc
∫
d2x⊥d2y⊥
(2π)2
(−T˜xg(x⊥, y⊥))
(
ln
k2⊥r
2
⊥
c20
)2
e−ik⊥·r⊥
−2Nc
π
∫
d2l⊥
k⊥ · l⊥
k2⊥l
2
⊥
ln
k2⊥
l2⊥
F˜xg(k⊥ − l⊥)
]
(62)
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with r⊥ = x⊥ − y⊥. In the meantime, the quark virtual corrections is simply given by
−αsNfTR
2π2
∫ 1
τ
dz
z2
Dh/g(z)xpG(xp)
∫ 1
0
dξ
[
(1 − ξ)2 + ξ2]
× F˜xg(k⊥)
∫
d2kg⊥
1
2
[
(1 − ξ)2k2⊥
k2g⊥(kg⊥ − (1− ξ)k⊥)2
+
ξ2k2⊥
k2g⊥(kg⊥ + ξk⊥)
2
]
. (63)
Here, the remaining task is to extract the collinear singularities from the real and the virtual contributions, and
absorb the pole singularity associated with the initial state radiation into the gluon PDF and another singularity
associated with the final state radiation into the gluon FF, respectively. This can be done by using the identities
Eqs. (33)–(36) as follows
G(x, µ) = G(0)(x) − 1
ǫˆ
αs(µ)
2π
∫ 1
x
dξ
ξ
NcPgg(ξ)G
(
x
ξ
)
, (64)
Dh/g(z, µ) = D
(0)
h/g(z)−
1
ǫˆ
αs(µ)
2π
∫ 1
z
dξ
ξ
NcPgg(ξ)Dh/g
(
z
ξ
)
(65)
where the LO splitting function is defined as
Pgg(ξ) = 2
[
ξ
(1− ξ)+ +
1− ξ
ξ
+ ξ(1− ξ)
]
+
(
11
6
− 2NfTR
3Nc
)
δ(1− ξ). (66)
Finally, for the g → g channel, the differential cross section in the coordinate space can be written by
dσ
p+p→h/g+X
(gg)
d2ph⊥dy
=
αs
2π
∫ 1
τ
dz
z2
Dh/g(z)
∫ 1
xp
dx
x
ξxG(x)
∫
d2x⊥d2y⊥
(2π)2
(−T˜xg(x⊥, y⊥))
[
H(1)gg +
∫
d2b⊥
(2π)2
H(2)gg
]
(67)
where the hard parts are given by
H(1)gg = NcPgg(ξ)
(
e−ik⊥·r⊥ +
1
ξ2
e−i
k
⊥
ξ
·r⊥
)
ln
c20
µ2r2⊥
−
(
11
3
− 4NfTR
3Nc
)
Ncδ(1 − ξ)e−ik⊥·r⊥ ln c
2
0
k2⊥r
2
⊥
−Ncδ(1− ξ)e−ik⊥·r⊥
∫ 1
0
dξ′2
[
ξ′
(1 − ξ′)+ +
1
2
ξ′(1− ξ′)
] [
ln ξ′2 + ln(1− ξ′)2]
−NfTRδ(1− ξ)e−ik⊥·r⊥
∫ 1
0
dξ′
[
(1− ξ′)2 + ξ′2] [ln ξ′2 + ln(1− ξ′)2] −Ncδ(1− ξ)(ln k2⊥r2⊥
c20
)2
e−ik⊥·r⊥ ,
(68)
H(2)gg = 8πNc
[1− ξ(1− ξ)]2
ξ(1 − ξ)+ e
−ik⊥·r⊥
[
b⊥ · r⊥
b2⊥r
2
⊥
e−ik⊥·b⊥
(
1 +
1
ξ
e−i(
1−ξ
ξ )k⊥·r⊥
)
− 1
ξ
(x⊥ − b⊥) · (y⊥ − b⊥)
(x⊥ − b⊥)2(y⊥ − b⊥)2 e
−i( 1−ξξ )k⊥·(b⊥−y⊥)
]
− 8Ncπ b⊥ · r⊥
b2⊥r
2
⊥
ln
k2⊥r
2
⊥
c20
e−ik⊥·(b⊥+r⊥) (69)
with r⊥ = x⊥− y⊥. Through Fourier transform, the differential cross section for the g → g channel in the momentum
space is
dσ
p+p→h/g+X
(gg)
d2ph⊥dy
=
αs
2π
∫ 1
τ
dz
z2
Dh/g(z)
∫ 1
xp
dx
x
ξxG(x)Sgg (70)
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where
Sgg = NcPgg(ξ)
{
1
π
∫
d2kg⊥
kg⊥
[
F˜xg(k⊥ + kg⊥)− J0
(
c0
µ
kg⊥
)
F˜xg(k⊥)
]
+
1
ξ2
1
π
∫
d2kg⊥
kg⊥
[
F˜xg
(
k⊥
ξ
+ kg⊥
)
− J0
(
c0
µ
kg⊥
)
F˜xg
(
k⊥
ξ
)]}
−
(
11
3
− 4NfTR
3Nc
)
Ncδ(1− ξ) 1
π
∫
d2kg⊥
kg⊥
[
F˜xg(k⊥ + kg⊥)− J0
(
c0
k⊥
kg⊥
)
F˜xg (k⊥)
]
− δ(1− ξ)
∫ 1
0
dξ′
{
Nc
[
2ξ′
(1− ξ′)+ + ξ
′(1 − ξ′)
]
+NfTR
[
(1− ξ′)2 + ξ′2]} [ln ξ′2 + ln(1− ξ′)2] F˜xg (k⊥)
− 8πNc [1− ξ(1 − ξ)]
2
ξ(1− ξ)+
∫
d2kg⊥
(2π)2
F˜xg(kg⊥)
[
(k⊥ − kg⊥) · (k⊥ − ξkg⊥)
(k⊥ − kg⊥)2(k⊥ − ξkg⊥)2 +
k⊥ · (k⊥ − kg⊥)
k2⊥(k⊥ − kg⊥)2
+
k⊥ · (k⊥ − ξkg⊥)
k2⊥(k⊥ − ξkg⊥)2
]
− 2Nc
π
δ(1− ξ)
∫
d2kg⊥
k2g⊥
ln
k2⊥
k2g⊥
{
θ(k⊥ − kg⊥)F˜xg (k⊥)− F˜xg(k⊥ − kg⊥)
}
− 2Nc
π
δ(1− ξ)
∫
d2kg⊥
k⊥ · kg⊥
k2⊥k
2
g⊥
ln
k2⊥
k2g⊥
F˜xg(k⊥ − kg⊥). (71)
C. The q → g channel
For the q → g channel, there is no virtual correction. The relevant diagrams are the same as in FIG. 2 but the
radiated gluon is measured in final state. The differential cross section of q + p→ g + q +X for producing a gluon
with momentum k and a quark with momentum l is given by
dσq+p→g+q+X
d3kd3l
= αsδ(p
+ − k+ − l+)
∫
d2x⊥d2x′⊥d
2b⊥d2b′⊥
(2π)4
e−ik⊥·(x⊥−x
′
⊥
)e−il⊥·(b⊥−b
′
⊥
)
∑
αβλ
ψλ∗gqαβ(u
′
⊥)ψ
λ
gqαβ(u⊥)
×
[
CFSxg (x⊥, x
′
⊥) + CFSxg(v⊥, v
′
⊥)−
Nc
2
Sxg (b⊥, v
′
⊥)−
Nc
2
Sxg (v⊥, b
′
⊥)−
Nc
2
Sxg(b⊥, x
′
⊥)−
Nc
2
Sxg(x⊥, b
′
⊥)
+ CF S˜xg (b⊥, b
′
⊥) +
1
2Nc
Sxg(x⊥, v
′
⊥) +
1
2Nc
Sxg(v⊥, x
′
⊥)
]
(72)
where the splitting kernel is
∑
αβλ
ψλ∗gqαβ(u
′
⊥)ψ
λ
gqαβ(u⊥) =
2(2π)2
p+
1 + (1− ξ)2
ξ
u′⊥ · u⊥
u′2⊥u
2
⊥
. (73)
By convoluting with the quark PDF and the gluon FF, Eq. (72) is cast into
∑
f
αs
2π2
∫ 1
τ
dz
z2
Dh/g(z)
∫ 1
τ
z
dξPgq(ξ)xp
ξ
qf
(
xp
ξ
)∫
d2kg⊥Fxg(kg⊥)
[
CF
1
(k⊥ − ξkg⊥)2 + CF
Nc
CF
1
(kg⊥ − k⊥)2
−Nc (ξkg⊥ − k⊥) · (kg⊥ − k⊥)
(ξkg⊥ − k⊥)2(kg⊥ − k⊥)2 −Nc
k⊥ · (k⊥ − kg⊥)
k2⊥(k⊥ − kg⊥)2
+
1
Nc
k⊥ · (k⊥ − ξkg⊥)
k2⊥(k⊥ − ξkg⊥)2
]
(74)
where the splitting function at LO is defined as
Pgq(ξ) = 1 + (1− ξ)
2
ξ
. (75)
The lower limit of the ξ-integral is constrained by the kinematics and then the ξ never reaches 0. The remaining
task in this channel is to extract the collinear divergences from Eq. (74). As we mentioned in the previous sections,
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the collinear divergences associated with the initial state and the final state radiations can be renormalized into the
definition of the gluon PDF and the quark FF, respectively
G(x, µ) = G(0)(x)− 1
ǫˆ
αs(µ)
2π
∫ 1
x
dξ
ξ
CF
∑
f
Pgq(ξ)qf
(
x
ξ
)
(76)
Dh/q(z, µ) = D
(0)
h/q(z)−
1
ǫˆ
αs(µ)
2π
∫ 1
z
dξ
ξ
CFPgq(ξ)Dh/g
(
z
ξ
)
. (77)
In the end, it is easy to obtain the differential cross section in the coordinate space as
dσ
p+p→h/g+X
(gq)
d2ph⊥dy
=
∑
f
αs
2π
∫ 1
τ
dz
z2
Dh/g(z)
∫ 1
xp
dx
x
ξxqf (x)
∫
d2x⊥d2y⊥
(2π)2
(−Txg(x⊥, y⊥))
[
H(1)gq +
∫
d2b⊥
(2π)2
H(2)gq
]
(78)
where
H(1)gq = CF
1
ξ2
Pgq(ξ)e−i
k
⊥
ξ
·r⊥ ln
c20
µ2r2⊥
+NcPgq(ξ)e−ik⊥ ·r⊥ ln c
2
0
µ2r2⊥
, (79)
H(2)gq =− 4πNc
1
ξ
Pgq(ξ)
[
e−i
k
⊥
ξ
·(y⊥−b⊥)−ik⊥·r⊥ (b⊥ − y⊥) · r⊥
(b⊥ − y⊥)2r2⊥
+ e−i
k
⊥
ξ
·(b⊥−y⊥)−ik⊥·(x⊥−b⊥) (b⊥ − x⊥) · (b⊥ − y⊥)
(b⊥ − x⊥)2(b⊥ − y⊥)2
]
+
4π
Nc
1
ξ2
Pgq(ξ)e−i
k
⊥
ξ
·r⊥−i k⊥ξ ·(y⊥−b⊥) (b⊥ − y⊥) · r⊥
(b⊥ − y⊥)2r2⊥
. (80)
The last term in H(2)gq contributes to inclusive hadron production only in pp collisions but it is subleading compared
to the other terms when we take the large-Nc. In the momentum space, one obtain easily
dσ
p+p→h/g+X
(gq)
d2ph⊥dy
=
∑
f
αs
2π
∫ 1
τ
dz
z2
Dh/g(z)
∫ 1
xp
dx
x
ξxqf (x)Sgq (81)
with
Sgq =
CF
π
1
ξ2
Pgq(ξ)
∫
d2kg⊥
k2g⊥
[
Fxg
(
k⊥
ξ
+ kg⊥
)
− J0
(
c0
µ
kg⊥
)
Fxg
(
k⊥
ξ
)]
+
Nc
π
Pgq(ξ)
∫
d2kg⊥
k2g⊥
[
Fxg (k⊥ + kg⊥)− J0
(
c0
µ
kg⊥
)
Fxg (k⊥)
]
− Nc
π
Pgq(ξ)
∫
d2kg⊥Fxg(kg⊥)
[
k⊥ · (k⊥ − kg⊥)
k2⊥(k⊥ − kg⊥)2
+
(k⊥ − ξkg⊥) · (k⊥ − kg⊥)
(k⊥ − ξkg⊥)2(k⊥ − kg⊥)2
]
+
1
Ncπ
Pgq(ξ)
∫
d2kg⊥Fxg(kg⊥)
k⊥ · (k⊥ − ξkg⊥)
k2⊥(k⊥ − ξkg⊥)2
. (82)
D. The g → q channel
At last, we consider the g → q channel as shown in FIG. 7 which has no virtual corrections either. The differential
cross section of g + p→ q + q¯ +X producing a quark with momentum k and an anti-quark with momentum l is
dσg+p→q+q¯+X
d3kd3l
= αsδ(p
+ − k+ − l+)
∫
d2x⊥d2x′⊥d
2b⊥d2b′⊥
(2π)8
e−ik⊥·(x⊥−x
′
⊥
)e−il⊥·(b⊥−b
′
⊥
)
∑
α,β,λ
ψλ∗qq¯αβ(u
′
⊥)ψ
λ
qq¯αβ(u⊥)
×
[
TRS˜xg(v⊥, v
′
⊥)−
TR
2
S˜xg(v⊥, x
′
⊥)−
TR
2
S˜xg(v⊥, b
′
⊥)−
TR
2
S˜xg(x⊥, v
′
⊥)−
TR
2
S˜xg(b⊥, v
′
⊥)
+
TRCF
Nc
S˜xg(x⊥, x
′
⊥) +
TRCF
Nc
S˜xg(b⊥, b
′
⊥) +
TR
2N2c
S˜xg(b⊥, x
′
⊥) +
TR
2N2c
S˜xg(x⊥, b
′
⊥)
]
, (83)
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(a) (b) (c)
(i)
(d) (e) (f)
(h)(g)
FIG. 7. Real diagrams at NLO for the g → q channel.
where the splitting kernel is given in Eq. (58). By integrating over the phase space of the anti-quark and convoluting
with the gluon PDF and the quark FF, one can cast the differential cross section in the momentum space into
αs
2π2
TR
∫ 1
τ
dz
z2
Dh/q(z)
∫ 1
τ
z
dξPqg(ξ)xp
ξ
G
(
xp
ξ
)∫
d2kg⊥Fxg(kg⊥)
[
2N2c
dA
1
(k⊥ − ξkg⊥)2 +
1
(k⊥ − kg⊥)2
− 2N
2
c
dA
(k⊥ − kg⊥) · (k⊥ − ξkg⊥)
(k⊥ − kg⊥)2(k⊥ − ξkg⊥)2 −
2N2c
dA
k⊥ · (k⊥ − ξkg⊥)
k2⊥(k⊥ − ξkg⊥)2
+
2
dA
k⊥ · (k⊥ − kg⊥)
k2⊥(k⊥ − kg⊥)2
]
, (84)
where dA = N
2
c − 1. The first two terms in the square bracket correspond to the qq¯ splitting after and before the
incoming gluon scattering off the target, respectively. These terms contain the collinear divergences which can be
subtracted from Eq. (84) and put into the definition of the quark PDF and the gluon FF as follows
qf (x, µ) = q
(0)
f (x)−
1
ǫˆ
αs(µ)
2π
∫ 1
x
dξ
ξ
TRPqg(ξ)G
(
x
ξ
)
, (85)
Dh/g(z, µ) = D
(0)
h/g(z)−
1
ǫˆ
αs(µ)
2π
∫ 1
z
dξ
ξ
TRPqg(ξ)Dh/q
(
z
ξ
)
(86)
with the LO splitting function
Pqg(ξ) = (1− ξ)2 + ξ2. (87)
For this channel, caution should be taken when the dimensional regularization is used, since the number of gluon
polarization is shifted to 2(1− ǫ). Therefore, the average of gluon polarization yields 12(1−ǫ) , and thus −1/ǫˆ is replaced
with −1/ǫˆ − 1 in Eqs. (33)–(36) eventually. Following the same procedure as shown above, it is straightforward to
obtain the differential cross section in the coordinate space
dσ
p+p→h/q+X
(qg)
d2ph⊥dy
=
αs
2π
∫ 1
τ
dz
z2
Dh/q(z)
∫ 1
xp
dx
x
ξxG (x)
∫
d2x⊥d2y⊥
(2π)2
(−Txg(x⊥, y⊥))
[
H(1)qg +
∫
d2b⊥
(2π)2
H(2)qg
]
, (88)
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with the finite hard parts
H(1)qg = TRPqg(ξ)e−ik⊥ ·r⊥
[
ln
c20
µ2r2⊥
− 1
]
+
1
ξ2
TRNc
CF
Pqg(ξ)e−i
k
⊥
ξ
·r⊥
[
ln
c20
µ2r2⊥
− 1
]
, (89)
H(2)qg =−
4π
ξ
TRNc
CF
Pqg(ξ)
[
e−i
k
⊥
ξ
·(y⊥−b⊥)−ik⊥·(b⊥−x⊥) (x⊥ − b⊥) · (y⊥ − b⊥)
(x⊥ − b⊥)2(y⊥ − b⊥)2 + e
−i k⊥
ξ
·r⊥−ik⊥·(y⊥−b⊥) (b⊥ − y⊥) · r⊥
(b⊥ − y⊥)2r2⊥
]
+ 4π
TR
NcCF
Pqg(ξ)e−ik⊥·r⊥−ik⊥·(y⊥−b⊥) (b⊥ − y⊥) · r⊥
(b⊥ − y⊥)2r2⊥
. (90)
The last term in H(2)qg is subleading Nc contribution. In the momentum space, Eq. (88) becomes
dσ
p+p→h/q+X
(qg)
d2ph⊥dy
=
αs
2π
∫ 1
τ
dz
z2
Dh/q(z)
∫ 1
xp
dx
x
ξxG (x)Sqg, (91)
with
Sqg = TRPqg(ξ)
{
1
π
∫
d2kg⊥
k2g⊥
[
Fxg(k⊥ + kg⊥)− J0
(
c0
µ
kg⊥
)
Fxg(k⊥)
]
−Fxg(k⊥)
}
+
1
ξ2
TRNc
CF
Pqg(ξ)
{
1
π
∫
d2kg⊥
k2g⊥
[
Fxg
(
k⊥
ξ
+ kg⊥
)
− J0
(
c0
µ
kg⊥
)
Fxg
(
k⊥
ξ
)]
−Fxg
(
k⊥
ξ
)}
− TRNc
πCF
Pqg(ξ)
∫
d2kg⊥Fxg(kg⊥)
[
(k⊥ − kg⊥) · (k⊥ − ξkg⊥)
(k⊥ − kg⊥)2(k⊥ − ξkg⊥)2 +
k⊥ · (k⊥ − ξkg⊥)
k2⊥(k⊥ − ξkg⊥)2
]
+
TR
πNcCF
Pqg(ξ)
∫
d2kg⊥Fxg(kg⊥)
k⊥ · (k⊥ − kg⊥)
k2⊥(k⊥ − kg⊥)2
. (92)
IV. SUMMARY
In this paper, we have calculated the inclusive hadron production at forward rapidity in pp collisions in the dilute
regime with finite Nc. Using the dimensional regularization with the MS scheme, we have shown that the collinear
divergences and the rapidity divergences can be separated from the hard scattering parts and renormalized into the
PDFs, the FFs, or the wave function of the target proton.
Here, let us summarize all of the results by adding up the LO differential cross section and all four channels of the
NLO corrections together. In the momentum space, the master formula can be written as
dσp+p→h+X
d2ph⊥dy
=
∑
f
∫ 1
τ
dz
z2
∫ 1
xp
dx
x
ξ (xqf (x, µ) , xG (x, µ))
(
S
(0)
qq +
αs
2πSqq
αs
2πSgq
αs
2πSqg S
(0)
gg +
αs
2πSgg
)(
Dh/q(z, µ)
Dh/g(z, µ)
)
(93)
where S
(0)
qq = δ(1−ξ)Fxg (k⊥) and S(0)gg = δ(1−ξ)F˜xg (k⊥). As shown in the Appendix B, basically, the hard coefficients
for all four channels derived in this paper are equivalent to those obtained in pA collisions in Ref. [37] after taking
the dilute limit as well as the large Nc limit.
The PDFs depend on the factorization scale and obey the DGLAP evolution equation(
qf (x, µ)
G(x, µ)
)
=
(
q
(0)
f (x)
G(0)(x)
)
− 1
ǫˆ
αs(µ)
2π
∫ 1
z
dξ
ξ
(
CFPqq(ξ) TRPqg(ξ)∑
f CFPgq(ξ) NcPgg(ξ)
)(
qf (x/ξ)
G(x/ξ)
)
. (94)
Similarly, the FFs obey(
Dh/q(z, µ)
Dh/g(z, µ)
)
=
(
D
(0)
h/q(z)
D
(0)
h/g(z)
)
− 1
ǫˆ
αs(µ)
2π
∫ 1
z
dξ
ξ
(
CFPqq(ξ) CFPgq(ξ)∑
f TRPqg(ξ) NcPgg(ξ)
)(
Dh/q(z/ξ)
Dh/g(z/ξ)
)
. (95)
The rapidity divergences can be dealt with the BFKL equation. In the leading logarithmic approximation, the BFKL
equation can be written as
∂Txg(r⊥)
∂Yg
=
αs
2π
∫
d2b⊥
r2⊥
(r⊥ − b⊥)2b2⊥
[
Txg(r⊥ − b⊥) + Txg(b⊥)− Txg(r⊥)
]
, (96)
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with αs = αsNc/π. The factorization scale µ dependence is largely cancelled between the the hard parts and the
PDFs and the FFs. Putting in the one-loop running coupling constant in the hard parts and using the NLO DGLAP
equation and the NLO BFKL equation, Eq. (93) provides the complete results at NLO for inclusive hadron production
in pp collisions in the dilute regime.
It would be very interesting to evaluate Eq. (93) numerically for pp and pA collisions and compare with the results
obtained from the non-linear formulation [40]. As to the initial condition for the BFKL evolution, we could use
either use the dipole-dipole scattering amplitude, or models that we used for the heavy nuclei such as the McLerran-
Venugopalan [47] or GBW model [48] in the dilute regime. Nevertheless, once the same initial conditions are set
for both the BFKL equation and the BK equation, we anticipate that Eq. (93) can reveal a difference between the
small-x formalism in pp and pA collisions for hadron spectra in the low transverse momentum region. This interesting
comparison can provides us the precise and important information about the role of the non-linear gluon dynamics
in these collisions, and thus help us observe the onset the saturation effects. We leave this issue for future study.
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Appendix A: Evaluation of Several Integrals in Dimensional Regularization
In this part, we provide some technical details for the evaluation of several divergent integrals in dimensional
regularization. The most important step in the evaluation of Eq. (31) is to see that it is related to the function I(a)
which is defined as
I(a) =
∫
d2l⊥
(2π)2
[
1
l2⊥
− 1
(l⊥ + k⊥)2
+
k2⊥
l2⊥(l⊥ + k⊥)
2
](
k2⊥
l2⊥
)a
. (A1)
It is straightforward to find that the integral in Eq. (31) is given by ∂I(a)∂a
∣∣∣
a=0
. Furthermore, it is also important to
note that Eq. (A1) contains only IR divergence at l⊥ = 0, while it does not have UV divergence when l⊥ → ∞ and
it is finite when l⊥ + k⊥ = 0. In addition, having dimensional regularization in mind, we only have to evaluate the
last two terms in the square brackets of Eq. (A1) since the first term is identically zero in dimensional regularization.
Therefore, in order to get I(a), we only need to consider the following integral
J(a) =
∫
d2l⊥
(2π)2
1
(l⊥ + k⊥)2
(
k2⊥
l2⊥
)a
, (A2)
since the last term inside the square brackets of Eq. (A1) can be viewed as J(a+ 1). Using the following identity,
1
(q2⊥)
a
=
1
Γ(a)
∫ ∞
0
dxxa−1e−xq
2
⊥ , (A3)
and adopting the dimensional regularization in the modified minimal subtraction (MS) scheme by shifting the dimen-
sion of l⊥ integration (2→ 2− 2ǫ) , we find that Eq. (A2) can be cast into(
µ2eγE
4π
)ǫ ∫
d2−2ǫl⊥
(2π)2−2ǫ
k2a⊥
1
Γ(a)
∫ ∞
0
dxdye−(x+y)(l⊥+
x
x+y k⊥)
2− xy
x+y k
2
⊥ , (A4)
with γE the Euler constant. After changing variable l
′
⊥ = l⊥ +
x
x+yk⊥ and t = y/(x+ y), it is straightforward to find
J(a)
MS
==
1
4π
(
eγEµ2
k2⊥
)ǫ
Γ(ǫ+ a)
Γ(a)
Γ(−ǫ)Γ(−ǫ− a+ 1)
Γ(−2ǫ− a+ 1) . (A5)
Using Eq. (A5) and the trick of differentiation mentioned above, we can obtain∫
d2l⊥
(2π)2
k2⊥
l2⊥(l⊥ + k⊥)
2
ln
k2⊥
l2⊥
=
∂J(a+ 1)
∂a
∣∣∣∣
a=0
=
1
4π
(
1
ǫ2
− 1
ǫ
ln
k2⊥
µ2
− π
2
12
+
1
2
ln2
k2⊥
µ2
)
. (A6)
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In addition, in dimensional regularization, we can also find
I(a) = J(a+ 1)− J(a) = 1
2π
(
eγEµ2
k2⊥
)ǫ
Γ(ǫ+ a+ 1)
Γ(a+ 1)
Γ(1 − ǫ)Γ(−ǫ− a)
Γ(1− 2ǫ− a) . (A7)
At last, by taking the derivative of I(a) with respect to a at a = 0, we can obtain∫
d2l⊥
(2π)2
[
1
l2⊥
− 1
(l⊥ + k⊥)2
+
k2⊥
l2⊥(l⊥ + k⊥)
2
]
ln
k2⊥
l2⊥
MS
==
1
2π
(
1
ǫ2
− 1
ǫ
ln
k2⊥
µ2
− π
2
12
+
1
2
ln2
k2⊥
µ2
)
, (A8)
which gives the results used in Eq. (31). As mentioned in Ref. [49], there is a very quick way to derive the complete
virtual contribution based on the observation that the sum of virtual contributions is free of UV divergence while
only the self-energy diagram contains IR divergence. Therefore, we can obtain the full virtual contribution by simply
putting a UV cutoff k⊥ on the self-energy contribution as follows
2
∫
d2l⊥
(2π)2
1
l2⊥
ln
k2⊥
l2⊥
∣∣∣∣
l⊥<k⊥
=
1
2π
[
1
ǫ2
− 1
ǫ
ln
k2⊥
µ2
+
1
2
ln2
k2⊥
µ2
− π
2
12
]
, (A9)
which is identical to the results in Eq. (A8).
Appendix B: Comparing our results with the non-linear results in pA collisions
We linearize the results of inclusive hadron production cross section in pA collisions in the small-x saturation
formalism derived in Refs. [37, 40]. This procedure can provide a useful cross check of the results obtained in this
paper and also reveal a difference between the small-x formalism in pp and pA collisions. As shown in Ref. [37], the
collinear divergences can be renormalized into the PDFs and the FFs and the rapidity divergence is dealt with the
BK equation. Therefore, we should look at the hard coefficients only.
1. The q → q channel
Let us consider the original result as shown in Eq. (41) in Ref. [37]
dσ
p+A→h/q+X
(qq)
d2ph⊥dy
=
∑
f
∫ 1
τ
dz
z2
∫ 1
xp
dx
x
Dh/qξxqf (x)
αs
2π
∫
d2x⊥d2y⊥
(2π)2
[
Sxg (x⊥, y⊥)H(1)2qq +
∫
d2b⊥
(2π)2
S(4)xg (x⊥, b⊥, y⊥)H
(1)
4qq
]
(B1)
where the hard coefficients are
H(1)2qq = CFPqq(ξ) ln
c20
µ2r2⊥
(
e−ik⊥·r⊥ +
1
ξ2
e−i
k
⊥
ξ
·r⊥
)
− 3CF δ(1− ξ)e−ik⊥·r⊥ ln c
2
0
k2⊥r⊥
− (2CF −Nc)e−ik⊥·r⊥
[
1 + ξ2
(1− ξ)+ I˜21 −
(
(1 + ξ2) ln(1− ξ)2
1− ξ
)
+
]
, (B2)
H(1)4qq =− 4πNce−ik⊥·r⊥
[
e−i
1−ξ
ξ
k⊥·(x⊥−b⊥) 1 + ξ
2
(1− ξ)+
1
ξ
(x⊥ − b⊥) · (y⊥ − b⊥)
(x⊥ − b⊥)2(y⊥ − b⊥)2
− δ(1− ξ)
∫ 1
0
dξ′
1 + ξ′2
(1− ξ)+
[
e−i(1−ξ
′)k⊥·(y⊥)
(b⊥ − y⊥)2 − δ
(2)(b⊥ − y⊥)
∫
d2r′⊥
eik⊥·r
′
⊥
r′2⊥
]]
(B3)
with I˜21 =
∫
d2b⊥
π I
(1)
qq and I
(1)
qq is given in Eq. (42). The quadrupole amplitude is defined as
S(4)xg (x⊥, b⊥, y⊥) =
1
N2c
〈Tr [U(x⊥)U †(b⊥)]Tr [U(b⊥)U †(y⊥)]〉xg ≃ Sxg (x⊥, b⊥)Sxg (b⊥, y⊥) (B4)
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where the last line is valid only in the large-Nc limit. By expanding the quadrupole amplitude in the Txg , Eq. (B1)
can be cast into
∑
f
∫ 1
τ
dz
z2
∫ 1
xp
dx
x
Dh/qξxqf (x)
αs
2π
∫
d2x⊥d2y⊥
(2π)2
(−Txg(r⊥))
[
H
(1)
2qq +
∫
d2b⊥
(2π)2
H
(2)
2qq
]
(B5)
where the hard coefficients are
H
(1)
2qq = CFPqq(ξ) ln
c20
µ2r2⊥
(
e−ik⊥·r⊥ +
1
ξ2
e−i
k
⊥
ξ
·r⊥
)
− 3CF δ(1− ξ)e−ik⊥·r⊥ ln c
2
0
k2⊥r⊥
− 1
Nc
e−ik⊥·r⊥
(
(1 + ξ2) ln(1− ξ)2
1− ξ
)
+
−Ncδ(1− ξ)e−ik⊥·r⊥
∫ 1
0
dξ′
1 + ξ′2
(1 − ξ′)+ ln ξ
′2, (B6)
H
(2)
2qq = 4π
1
Nc
e−ik⊥·r⊥
1 + ξ2
(1 − ξ)+ I
(1)
qq + 4πNce
−ik⊥·r⊥ 1 + ξ
2
(1 − ξ)+ I
(2)
qq . (B7)
Then, by replacing the transverse area of target nucleus with that of proton, one finds H
(1)
2qq is equivalent to Eq. (40)
except for the double logarithmic term and H
(2)
2qq matches Eq. (41) except for the last term. The remaining power
corrections in Eqs. (40)(41) can be derived from Lq term as we will show below.
2. The g → g channel
For the g → g channel, one finds the final results in Eq. (74) in Ref. [37]
dσ
p+A→h/g+X
(gg)
d2ph⊥dy
=
∫ 1
τ
dz
z2
∫ 1
xp
dx
x
Dh/gξxG(x)
αs
2π
∫
d2x⊥d2y⊥
(2π)2
[
Sxg(x⊥, y⊥)Sxg(y⊥, x⊥)H(1)2gg
+
∫
d2b⊥
(2π)2
{
Sxg(x⊥, b⊥)Sxg (b⊥, y⊥)H(1)2qq¯ + Sxg(x⊥, b⊥)Sxg(b⊥, y⊥)Sxg (y⊥, x⊥)H(1)6gg
}]
(B8)
with
H(1)2gg = NcPgg(ξ) ln
c20
r2⊥µ
2
(
e−ik⊥·r⊥ +
1
ξ2
e−i
k
⊥
ξ
·r⊥
)
−
(
11
3
− 4NfTR
3Nc
)
Ncδ(1− ξ)e−ik⊥·r⊥ ln c
2
0
r2⊥k
2
⊥
, (B9)
H(1)2qq¯ = 8πNfTRe−ik⊥·(y⊥−b⊥)δ(1− ξ)
∫ 1
0
dξ′
[
ξ′2 + (1− ξ′)2] [e−iξ′k⊥·r⊥
r2⊥
− δ(2)(r⊥)
∫
d2r′⊥
eik⊥·r
′
⊥
r′2⊥
]
, (B10)
H(1)6gg =− 16πNce−ik⊥·r⊥
{
e−i
k
⊥
ξ
·(y⊥−b⊥) [1− ξ(1 − ξ)]2
(1− ξ)+
1
ξ2
r⊥ · (b⊥ − y⊥)
r2⊥(b⊥ − y⊥)2
− δ(1− ξ)
∫ 1
0
dξ′
[
ξ′
(1− ξ′)+ +
1
2
ξ′(1− ξ′)
] [
e−iξ
′k⊥·(y⊥−b⊥)
(b⊥ − y⊥)2 − δ
(2)(b⊥ − y⊥)
∫
d2r′⊥
eik⊥·r
′
⊥
r′2⊥
]}
. (B11)
where the large-Nc limit is taken in the derivation. By expanding Eq. (B8) in the Txg , one obtains
∫ 1
τ
dz
z2
∫ 1
xp
dx
x
Dh/gξxG(x)
αs
2π
∫
d2x⊥d2y⊥
(2π)2
(−2Txg(r⊥))
[
H
(1)
2gg +
∫
d2b⊥
(2π)2
H
(2)
2qg
]
(B12)
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with the hard coefficients
H
(1)
2gg = H(1)2gg −NfTRe−ik⊥·r⊥δ(1− ξ)
∫ 1
0
dξ′
[
ξ′2 + (1 − ξ′)2] [ln(1− ξ′)2 + ln ξ′2]
−Ncδ(1− ξ)e−ik⊥·r⊥
∫ 1
0
dξ′2
[
ξ′
(1 − ξ′)+ +
1
2
ξ′(1− ξ′)
] [
ln ξ′2 + ln(1 − ξ′)2] , (B13)
H
(2)
2gg = 8πNc
[1− ξ(1− ξ)]2
ξ(1− ξ)+ e
−ik⊥·r⊥
[
b⊥ · r⊥
b2⊥r
2
⊥
e−ik⊥·b⊥
(
1 +
1
ξ
e−i(
1−ξ
ξ )k⊥·r⊥
)
− 1
ξ
(x⊥ − b⊥) · (y⊥ − b⊥)
(x⊥ − b⊥)2(y⊥ − b⊥)2 e
−i( 1−ξξ )k⊥·(b⊥−y⊥)
]
. (B14)
H
(1)
2gg and H
(2)
2gg are equivalent to Eq. (68) and Eq. (69) respectively except for the power corrections as is the case in
the q → q channel. As we show below, the Lg term corresponds to the power corrections.
3. The q → g channel
Eq. (82) in Ref. [37] reads
dσ
p+A→h/g+X
(gq)
d2ph⊥dy
=
∑
f
∫ 1
τ
dz
z2
∫ 1
xp
dx
x
Dh/gξxqf (x)
αs
2π
[∫
d2x⊥d2y⊥
(2π)2
Sxg(x⊥, y⊥)
[
H(1,1)2gq + Sxg (y⊥, x⊥)H(1,2)2gq
]
+
∫
d2x⊥d2y⊥d2b⊥
(2π)4
S(4)xg (x⊥, b⊥, y⊥)H
(1)
4gq
]
(B15)
where
H(1,1)2gq =
Nc
2
1
ξ2
e−i
k
⊥
ξ
·r⊥Pgq(ξ) ln c
2
0
r2⊥µ
2
, (B16)
H(1,2)2gq =
Nc
2
e−ik⊥·r⊥Pgq(ξ) ln c
2
0
r2⊥µ
2
, (B17)
H(1)4gq = −4πNcW
(
k⊥
ξ
, k⊥
)
Pgq(ξ)1
ξ
x⊥ − y⊥
(x⊥ − y⊥)2 ·
b⊥ − y⊥
(b⊥ − y⊥)2 (B18)
with W(k1⊥, k2⊥) = e−ik1⊥·(x⊥−y⊥)−ik2⊥·(y⊥−b⊥). By expanding the quadrupole amplitude in the Txg , we cast
Eq. (B15) into
∑
f
∫ 1
τ
dz
z2
∫ 1
xp
dx
x
Dh/gξxqf (x)
αs
2π
∫
d2x⊥d2y⊥
(2π)2
(−Txg(r⊥))
[
H
(1)
2gq +
∫
d2b⊥
(2π)2
H
(2)
2gq
]
(B19)
with H
(1)
2gq = H(1,1)2gq + 2H(1,2)2gq and
H
(1)
2gq = −
4πNc
ξ
Pgq(ξ)
[
e−i
k
⊥
ξ
·(b⊥−y⊥)−ik⊥·(x⊥−b⊥) (b⊥ − x⊥) · (b⊥ − y⊥)
(b⊥ − x⊥)2(b⊥ − y⊥)2 + e
−i k⊥
ξ
·(y⊥−b⊥)−ik⊥·r⊥ (b⊥ − y⊥) · r⊥
(b⊥ − y⊥)2r2⊥
]
.
(B20)
Eq. (79) and (80) match H
(1)
2gq and H
(2)
2gq after taking large-Nc limit, respectively. The subleading Nc term remains in
Eq. (80) only gives a small contribution.
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4. The g → q channel
Eq. (87) in Ref. [37] gives
dσ
p+A→h/q+X
(qg)
d2ph⊥dy
=
∫ 1
τ
dz
z2
∫ 1
xp
dx
x
Dh/qξxG(x)
αs
2π
[ ∫
d2x⊥d2y⊥
(2π)2
Sxg(x⊥, y⊥)
[
H(1,1)2qg + Sxg (y⊥, x⊥)H(1,2)2qg
]
+
∫
d2x⊥d2y⊥d2b⊥
(2π)4
S(4)xg (x⊥, b⊥, y⊥)H
(1)
4qg
]
(B21)
where
H(1,1)2qg =
1
2
e−ik⊥·r⊥Pqg(ξ)
[
ln
c20
r2⊥µ
2
− 1
]
, (B22)
H(1,2)2qg =
1
2
1
ξ2
e−i
k
⊥
ξ
·r⊥Pqg(ξ)
[
ln
c20
r2⊥µ
2
− 1
]
, (B23)
H(1)4qg = −4πW
(
k⊥,
k⊥
ξ
)
Pqg(ξ)1
ξ
x⊥ − y⊥
(x⊥ − y⊥)2 ·
b⊥ − y⊥
(b⊥ − y⊥)2 . (B24)
By linearizing Eq. (B21), one finds∫ 1
τ
dz
z2
∫ 1
xp
dx
x
Dh/qξxG(x)
αs
2π
∫
d2x⊥d2y⊥
(2π)2
(−Txg(r⊥))
[
H
(1)
2qg +
∫
d2b⊥
(2π)2
H
(2)
2qg
]
(B25)
with H
(1)
2qg = H(1,1)2qg + 2H(1,2)2qg and
H
(2)
2qg = −
4π
ξ
Pqg(ξ)
[
e−i
k
⊥
ξ
·(y⊥−b⊥)−ik⊥·(b⊥−x⊥) (x⊥ − b⊥) · (y⊥ − b⊥)
(x⊥ − b⊥)2(y⊥ − b⊥)2 + e
−ik⊥·(y⊥−b⊥)−i k⊥ξ ·r⊥ (b⊥ − y⊥) · r⊥
(b⊥ − y⊥)2r2⊥
]
.
(B26)
H
(1)
2qg and H
(2)
2qg are equivalent to Eq. (89) and Eq. (90) respectively in the large-Nc limit.
5. The Lq and Lg terms
In Ref. [40], it has been shown that the so-called Lq and Lg terms play significant role in inclusive hadron production
in pA collisions at high ph⊥ & Qs. Regarding the Lq term, Eq. (10) in Ref. [40] provides
dσLq
d2ph⊥dy
=
∑
f
∫ 1
τ
dz
z2
Dh/q(z)xpqf (xp)Lq(k⊥) (B27)
where
Lq(k⊥) =
αsNc
2π2
∫
d2x⊥d2y⊥d2b⊥
(2π)2
e−ik⊥·(x⊥−y⊥)
[
Sxg (x⊥, b⊥)Sxg (y⊥, b⊥)− Sxg(x⊥, y⊥)
]
×
[
1
u2⊥
ln
k2⊥u
2
⊥
c20
+
1
u′2⊥
ln
k2⊥u
′2
⊥
c20
− 2u⊥ · u
′
⊥
u2⊥u
′2
⊥
ln
k2⊥|u⊥||u′⊥|
c20
]
(B28)
with u⊥ = x⊥ − b⊥ and u′⊥ = y⊥ − b⊥. By expanding the Lq term in the Txg , Eq. (B28) can be cast into
αs
2π
∫
d2x⊥d2y⊥
(2π)2
e−ik⊥·r⊥(−Txg(x⊥, y⊥))
[
−Nc
(
ln
k2⊥r
2
⊥
c20
)2
− 8Ncπ
∫
d2b⊥
(2π)2
e−ik⊥·b⊥
b⊥ · r⊥
b2⊥r
2
⊥
ln
k2⊥r
2
⊥
c20
]
. (B29)
This is completely equivalent to Eq. (32).
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Similarly, the Lg term shown in Eq. (23) in Ref. [40] is given by
Lg(k⊥) =
αsNc
π2
∫
d2x⊥d2y⊥d2b⊥
(2π)2
e−ik⊥·(x⊥−y⊥)
[−Sxg(x⊥, y⊥) + Sxg (x⊥, b⊥)Sxg (b⊥, y⊥)]Sxg (x⊥, y⊥)
×
[
1
u2⊥
ln
k2⊥u
2
⊥
c20
+
1
u′2⊥
ln
k2⊥u
′2
⊥
c20
− 2u⊥ · u
′
⊥
u2⊥u
′2
⊥
ln
k2⊥|u⊥||u′⊥|
c20
]
(B30)
and eventually leads to
αs
2π
∫
d2x⊥d2y⊥
(2π)2
e−ik⊥·r⊥(−2Txg(x⊥, y⊥))
[
−Nc
(
ln
k2⊥r
2
⊥
c20
)2
− 8Ncπ
∫
d2b⊥
(2π)2
e−ik⊥·b⊥
b⊥ · r⊥
b2⊥r
2
⊥
ln
k2⊥r
2
⊥
c20
]
(B31)
in the dilute limit. By replacing a factor of 2 in the front of the Txg with Nc/CF , the Lg term agrees with Eq. (62).
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